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Abstract 

■^^ We study the boundary regularity of solutions of elliptic operators in divergence form with 

C^ . C°' a coefficients or operators which are small perturbations of the Laplacian in non-smooth do- 

mains. We show that, as in the case of the Laplacian, there exists a close relationship between 
the regularity of the corresponding elliptic measure and the geometry of the domain. 
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O ' 1 Introduction 

00 ' 

O 

The basic aim of this paper is to study the relationship between the elliptic measure of operators in 

- i — i ■ 

S^ . divergence form with C ,a coefficients or operators which are small perturbations of the Laplacian, 

and the geometry of the boundary of the domain. We concentrate on domains whose boundary is 
locally flat, where this notion will be understood in a weak sense. Let fi C R n+1 be an open set. 
Loosely speaking we say that dfl is locally flat if locally it can be well approximated by affine spaces. 
In particular, such domains are non-tangentially accessible and therefore their elliptic measure ui 
is doubling (see [12], [13]). 

We prove that if dVl is well approximated by n-planes in the Hausdorff distance sense then 
the doubling constant of the elliptic measure of divergence form operators with Holder coefficients, 
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lo, asymptotically approaches the doubling constant of the ra-dimensional Lebesgue measure. If 
moreover the unit normal vector to dfl has small (resp. vanishing) mean oscillation, then the 
logarithm of the corresponding elliptic kernel has small (resp. vanishing) mean oscillation. 

In [3], Dahlberg showed that if is Lipschitz domain then the harmonic measure and the surface 
measure are mutually absolutely continuous. In addition the Poisson kernel is a B<i weight with 
respect to the surface measure to the boundary, which implies that the logarithm of the Poisson 
kernel is a function of bounded mean oscillation with respect to the surface measure on d£l (i.e 
it is in BA10(d£l)). Jerison and Kenig [12], showed that if ft is a C 1 domain then the logarithm 
of the Poisson kernel is in VMO(d£l). In the case when the boundary is locally flat, Kenig and 
Toro gave a full description of the relation between the harmonic measure of the domain and the 
geometry of its boundary (see [E]). More precisely if f2 C M. n+1 is an open connected Reifenberg 
flat domain with vanishing constant then the harmonic measure behaves asymptotically like the 
Euclidean measure. If Q is a chord arc domain with vanishing constant then the logarithm of the 
Poisson kernel has vanishing mean oscillation (i.e. it is in VMO{dVt)). 

The regularity of the elliptic kernel for divergence form operators which are perturbations of the 
Laplacian on Lipschitz domains has been studied by several authors. Dahlberg [5], showed that if 
the difference between the coefficients of an elliptic, divergence form operator L, and the Laplacian 
satisfies a Carleson condition with vanishing trace then the corresponding elliptic kernel is a B<i 
weight with respect to surface measure. In [9], Fefferman, Kenig and Pipher studied the case when 
the same Carleson condition is satisfied but without the smallness assumption. In that case, the 
elliptic measure of L is an ^4^ weight with respect to surface measure. In [7] Escauriaza proved 
that on a C 1 domain if the difference between the coefficients of L and the Laplacian satisfies a 
Carleson condition with vanishing trace then the logarithm of the elliptic kernel is in VMO{dVt). 

In this paper we extend the results of [15] to more general uniformly elliptic operators in 
divergence form. In section 2 we present the preliminaries, define the two classes of operators 
we intend to study and state our main results. In section [3] we prove that the elliptic measure 
of a divergence form elliptic operator with Holder coefficients on a Reifenberg flat domain with 
vanishing constant is asymptotically optimally doubling. The proofs in this section follow the 
arguments presented in [15J. In section |4] we show that, in a chord arc domain with vanishing 
constant, the logarithm of the corresponding elliptic kernel is in VMO. In section 21 we also 
extend some of the results in [9] to chord arc domains with small constant. A natural question is 



whether Escauriaza's result (see [7]) generalizes to chord arc domains with vanishing constant. We 
expect this to be the case. 

2 Preliminaries and results. 

In this section we recall some definitions and state our main results. First we introduce the class of 
Reifenberg flat domains, which are domains whose boundary can be well approximated by planes. 
In particular Lipschitz domains with small constant are Reifenberg flat. 

Definition 2.1. Let f2 C M. n+l be a bounded domain, we say that dQ separates M. n+1 if there exist 
5 > 0, and R > such that for each Q G d£l, there exist an n- dimensional plane C(Q, R) containing 
Q and a choice of unit normal vector to C(Q,R), uq^ satisfying 

T + (Q, R) = {X = (x, t) = x + tn Q)R G B(Q, R) : x G C(Q, R), t > 25R} C fi, (2.1) 

and 

T-{Q,R) = {X = (x,t) = x + tn QjR e B(Q,R):xeC(Q,R), t<-25R}dQ. c . (2.2) 

Here B(Q,R) denotes the (n + l)-dimensional ball of radius R and center Q. 

Definition 2.2. Let U C M n+1 ; 6 > 0, R > 0. We say that Q is a (8, R)-Reifenberg flat domain if 
dQ. separates ]R n+1 ; and for each Q G dQ, and for every r G (0, R] there exists an n-dimensional 
plane C(Q,R) containing Q such that 

-D[d£l n B(Q, r), C(Q, r) n B(Q, r)} < 5. (2.3) 

r 

where D denotes the Hausdorff distance. 

We denote by 

0(r) = sup inf j -DldCt n B(Q, r),C n B(Q, r)] 1 , (2.4) 

Qedn C {r J 

where the infimum is taken over all n-planes containing Q. 

Definition 2.3. Let Q, C M n+1 , we say that Q is a Reifenberg flat domain with vanishing constant 
if it is (5, R)- Reifenberg flat for some 5 > and R > 0, and 

lim sup 9{r) = 0. (2.5) 

r->0 



Note that definitions 12.11 and 12.21 are only significant for 5 > small. Thus when talking about 
(5, i?)-Reifenberg flat domains we assume that S is small enough. In particular, we assume that S 
is small enough so that if O is a (5, R) Reifenberg flat domain it is also an NTA domain (see [15|). 

Definition 2.4. Let SI C M. n+ . We say that Q, is a chord arc domain (CAD) if Q is an NTA set 
of locally finite perimeter such that there exists C > 1 so that for r G (0, diam £1) and Q G d£l 

C^r n < a(B(Q, r)) < Cr n . (2.6) 

Here a = 7i n L <9f2 and 7i n denotes the n-dimensional Hausdorff measure. 

Definition 2.5. Let SI C M n+1 ; 5 > and R > 0. We say that Q, is a (5, R)-chord arc domain 
(CAD) if Q is a set of locally finite perimeter such that 

sup 9(r) < 5 (2.7) 

0<r<_R 

and 

o-(B(Q, r)) < (1 + S)co n r n VQ e dtt and Vr G (0, R]. (2.8) 

Here uj ti is the volume of the n-dimensional unit ball in R n . 

Definition 2.6. Let S7 C M n+1 ; we say that O is a chord arc domain with vanishing constant if it 
is a (5, R)-CAD for some 5 > and R > 0, 

limsup r _ (9(r) = (2.9) 

and 

a(B(Q,r)) 

lim sup v K — " = 1. (2.10) 

r ~*°QedQ u n r n 

For the purpose of this paper we assume that O C M n+1 is a bounded domain. We consider 
elliptic operators L of the form 

Lu = div(A(X)Vu) (2.11) 

defined in the domain f2 with symmetric coefficient matrix A(X) = (aij(X)) and such that there 
are A, A > satisfying 

n+l 

m 2 < E %(*)&& < a i?i 2 ( 2 - 12 ) 

for all X £ n aiKHelT 4 " 1 - 



We say that a function u in is a solution to Lu = in f2 provided that -u G Wi ' c (0) and for 

all G C c °°(ft) 

/ (A(x)Vu, V4>)dx = 0. 
n 
A domain Q is called regular for the operator L, if for every g G C(<9£1), the generalized solution 

of the classical Dirichlet problem with boundary data g is a function u G C(il). 

Definition 2.7. Lei Q be a regular domain for L as above and g G C(dQ). For X £ Q consider the 
linear functional g — ► u(X) on C(dQ), where u is the generalized solution of the classical Dirichlet 
problem with boundary data g. By the Riesz representation theorem, there exists a family of regular 
Borel probability measures {u^jxen suc -h that 

u{X) = J g{Q)du*{Q). 
80. 
For X G $1, uj^ is called the L— elliptic measure of £1 with pole X. When no confusion arises, we 
will omit the reference to L and simply called it as the elliptic measure. 

To state our results we introduce two classes of operators. 

We say that elliptic operator L G £(A,A, a) if it satisfies (12. lip . (|2.12j) and the modulus of 
continuity of the corresponding matrix is given, up to the boundary, by 

w{r) = sup \A(X) - A(Y)\ < c r a (2.13) 

\X-Y\<r 

for some a G (0, 1], that is A G C a {Q). Without loss of generality we assume that A is defined in 
R n+1 since A can be extended to a new matrix in the following way. If we start with A G C a (Q) 
then there exists an open set U such that Q C U and A G C a (U). Consider now a smooth function 
4> G C^°(R n+1 ) which is equal to 1 in Tt and outside U. We then extend A to B = <j)A + (1 - <p)I 
in Tl which gives that B G C a {R n+1 ) and B = A in U. 

An elliptic operator Lu = div(A(X)X7u) defined on a chord arc domain Q C M n+1 is a pertur- 
bation of the Laplacian for the purposes of this paper if the deviation function 

a(X) = sup{|Id - A(Y)| : Y G B(X, S(X)/2)} (2.14) 

where 5(X) is the distance of X to d£l, satisfies the following Carleson measure property: there 
exists C > such that 

SU P SU P ( TWn w I liTVV dX )^ C > ( 2J5 ) 

0<r<diamft Q&dfl {0-(B{Q,r)) J d(X) J 

B(Q,r)nfl 



where a = 7i n L dVt. Note that in this case L = A on dVl and therefore by letting L = A in Q c we 
may assume that L is an elliptic operator in M n+1 . 
We now state some of our results: 

Theorem 2.8. Let Q C IR n+1 be a Reifenberg flat domain with vanishing constant, let L G 
£(A, A, a) and let u be its elliptic measure. Then for all r G (0, 1), 

. u;(B(Q,rp)) u(B(Q,rp)) n 

hm ml — — — — — — = hm sup — — — — — -— = r . 

P^OQ&dn uj(B(Q,p)) P^o Qedn u{B(Q,p)) 

In section[5]we show that if O is a chord arc domain with vanishing constant and L G £(A, A, a) 
then u) G A oa (da). Furthermore we obtain the following results. 

Theorem 2.9. Given e > 0, and 6 > there exists 5 > such that if L G C(X, A, a) and f2 C M n+1 
is a (5,R)-CAD there exists 
the elliptic kernel of L, then 



is a (5, R)-CAD there exists rg > ; so that for any Q G dQ and r < tq, if k(Q) = -^{Q) denotes 



I k^da)™<(l + 4 

J B(Q,r) J J 



1 

kda, 

B(Q,r) J J B{Q,r) 

for any (3 G (0,1/0). 

Theorem 2.10. Let Q C R n+1 be a chord arc domain with vanishing constant. Assume that 
LG£(A,A,a). Then log k G V MO (dU). 

We now recall some of the results concerning the regularity of the elliptic measure of pertur- 
bation operators in Lipschitz domains. The results in the literature are more general than those 
quoted below. 

Theorem 2.11. /5/ Let n = B(0, 1). If a is as in tfttfi) , 



h ^ r) ^whr> I w iY > (216> 

B(Q,r)nU 



and 



lim sup h(Q, r) = 0. 

^° |0|=i 

Then the elliptic kernel of L, k = duo /da G B q {da) for all q > 1. 

In [8], Fefferman made the first step toward removing the smallness condition of h(Q,r) in 
Theorem 12.111 by defining an appropriate quantity A{Q). 

6 



Theorem 2.12. J3J/ Let Q = B(0, 1). Let T(Q) denote a non-tangential cone with vertex Q and 

r(Q) 
where a is as in {2.1J$ . If \\A\\l°° < C then to G Aoo(da). 

The main results in [5] and in [8] are proved using a differential inequality for a family of 
harmonic measures introduced by Dahlberg. In [9], Fefferman, Kenig and Pipher presented a new 
direct proof of these results without the use of this differential inequality. 

Theorem 2.13. [9] Let ft be a Lipschitz domain. Let L be such that 112.15)) holds then lo G A OQ (da). 

In this paper we generalize Theorem 12. 131 to chord arc domains with small constant. 

Theorem 2.14. Let ft be a chord arc domain. Let L be such that 112.15)) holds. There exists 
6(n) > such that if fl C E n+1 is a (S,R)-CAD with < 5 < 6(n) then uj G A^da). 

The various constants that will appear in the sequel may vary from formula to formula, although 
for simplicity we use the same letter (s). If we do not give any explicit dependence for a constant, we 
mean that it depends only on the usual parameters such as ellipticity constants, NTA constants and 
character of the domain and dimension. Moreover throughout the paper we shall use the notation 
a < b to mean that there is a constant c > such that ca < b. Similarly a ~ b means that a < b 
and b < a. 

Next we recall the main theorems about the boundary behavior of L— elliptic functions in 
non-tangentially accessible (NTA) domains for uniformly elliptic divergence form operators L with 
bounded measurable coefficients. We refer the reader to [13] for the definitions and more details 
regarding elliptic operators of divergence form defined in NTA domains. 

Lemma 2.15. Let CI be an NTA domain. If Lu = in Qn B(Q, 2r) with < 2r < R, u > and 
vanishes continuously on dfl n B(Q, 2r) then there exists (3 > such that for all Q G dfl and for 
XG nnB(Q,r), 

u(X) < c( l X ~^ J sup{u(Y) : Y G dB{Q, 2r) n fl}. 

Lemma 2.16. Let Cl be an NTA domain, Q G dfl, and < 2r < R. If u > 0, Lu = in and u 

vanishes continuously on dflf) B(Q,2r), then 

u(Y)<Cu(A(Q,r)), 
for all Y G B(Q,r) n fl. Here C only depends on the NTA constants. 



Lemma 2.17. Let be an NTA domain, Q G 80, < 2r < R, and X G tt\B(Q,2r). Then 

^ X (B(Q,r)) 

~\G(A(Q,r),X) 






where G(A(Q,r),X) is the L— Green function ofO with pole X, andoj is the corresponding elliptic 
measure. 

Lemma 2.18. Let be an NTA domain with constants M > 1 and R > 0, Q G 8Q, < 2r < R, 

andX eO\B(Q,2Mr). Then for s G [0,r] 

w x (fl(Q, 2s)) <Cu; x (B(Q,s)), 
where C only depends on the NTA constants ofQ. 

Lemma 2.19. Let be an NTA domain, and < Mr < R. Suppose that u,v vanish continuously 
on 80 n B(Q, Mr) for some Q G 80, u, v > and Ln = Lv = m 0. TTien i/iere exists a constant 
C > 1 (on/?/ depending on the NTA constants) such that for all X G B(Q,r) n f2, 

l M (A(Q,r)) «pQ ^^ n(A(Q,r)) 
u(i4(g,r)) - v(X) - «(^(Q,r)) - 

Theorem 2.20. Lei il 6e an NTA domain. There exists a number -y G (0,1), such that for all 
Q G 80, < 2r < R, and all u, v > satisfying Lu = Lv = in $7 PI -B(Q, 2r) and which vanish 
continuously on dO n -B(Q, 2r), t/ie function i x \ is Holder continuous of order 7 on Qn B(Q, r). 

X) 

u(X) u(Y) 



Ln particular, for every Q G dO, limx^g ^jx\ exists, and for X,Y £ 0,0 B(Q, r), 



<c u(A(Q,r))f\X-Y\ 



v(X) v(Y) ~~ v(A(Q,r))\ r 
We finish this section by recalling a result concerning the regularity of elliptic measure on 
Lipschitz domains, as well as some doubling properties of the elliptic measure of a cylinder. Let 
H C M n+1 be an open half space, for M > 1, s > 0, and Qq G dH = £ we denote by 

C + (Q , Ms) = {(x, t) G R n+1 :xedH;\x- Q \ < M§ , \t\ < Ms } n H, 

V n + 1 y/n + 1 



the cylinder with basis B(Qq, Ms/y/n + 1) n 9-ff and height Ms/y/n + 1 contained in i?. Note that 
C + (Qo,Ms)cB(Q ,Ms). 

Lemma 2.21. Given e > and L G £(A,A, a) there exists Mq = Mo(n, e, a) > 1, so that 
if M > Mq, and if lo denotes the L— elliptic measure of C + {Qq,Ms) as defined above, then for 
Qi, Q 2 G A(Q , s) = dH n B(Q , s), and n,r 2 G (0, s] 

(1 £J UJ -uX(A(Q 2 ,r 2 ))- [1 + £ \ r J ' (2J7) 

as /on 5 as X = (x,t) G dC+(Q ,Ms/2) nC+(Q ,Ms). 



Proof. After rescaling we may assume without loss of generality that Ms = 1, r- h G (0, 1/M], for 
i = 1, 2. First let us examine the case when X = (x, t) £ <9C + (Qo, 1/2), with £ > l/(2n\/n + 1) and 
k > 2 to be chosen later. If lu denotes the L— elliptic measure then 

u x (A(Q 1 ,r 1 )) = J (A(Q)V Q G(Q,X),v)do-(Q) 

A(Qi,ri) 
or 

w x (A(Qi,n))< J \(A(Q)V Q G(Q,X),u)-(A(Qo)V Q G(Qo,X),u)\da(Q) (2.18) 

A(Qi,n) 

+(A(Q )V Q G(Q ,X),v)r? 

where v denotes the inward unit normal to H at Q G dH. By the Hopf maximum principle (see 
[2], [II]) there exists a constant Ck = Ck(n, A, A, k) > such that 

(^(Qo)V Q G(Q ,A),i/)>C fc >0. 

Moreover from the C ,a regularity up to the boundary ([TO]); we estimate the first term of (J2.18P 
to obtain 

uj x (A(Q 1 , n)) < (1 + Crf )r?(A(Q )V Q G(Q , X), u) 

where C = C(n, A, A, k). In a similar way, using the appropriate representation we have 



U> 



X 



(A(Q 2 ,r 2 )) > (l-Cr%)r%(A(Q )V Q G(Q ,X), 



provided that A(Qj, n) C A(Qq, 2/M). Since ri,r2 < 1/M, we conclude that 

w x (A(Q 1 ,r 1 )) ^ /1 + C/M a \/>V 



< 



u x (A{Q 2 ,r 2 )) ~ \l-C/M a J\r 2 

and 

w*(A(Qi,n)) > fl-C/M a \fr^ n 



Lu x (A(Q 2 ,r 2 )) ~ \l + C/M a J\r 2/ 
provided that M is large enough. 

Now if X = (x,t) G dC+(Q ,l/2), and £ < l/2ny/n + l, w x (A(Qi,ri)) and u x (A(Q 2 ,r 2 )) 
vanish on B((x,0), 1/Ay/n + 1) n 3i? and are non negative in C + (Qo, !)• Applying Theorem 12.201 
we have that for k > 8, 



w*(A(Qi,n)) ^ 1 /2«v / s+T) (A (Q 1)ri) ) 



w x (A(Q 2 , r 2 )) W (M/2WS+I)(A(Q 2 , r2 )) 

9 



< c h ,W/i6y^D (A(Ql;ri)) m« 
- a,(*,i/i6VS+l)(A(Q 2j r 2 ))U. 



On the other hand our new reference points (x, l/2ny/n + 1) and (x, l/16\/n + 1) fall into the first 
case as described above, since k > 8. Thus 

1 - g |ivv i - g /n^V<< (A(9i ' ri) J<ri + cf 1 ^ vl+c/MaVriV 



.«/ /\i + c/M a j\r 2 J - w x (A(Q 2 ,r 2 )) - V v^y J\i-c/M Q j\r 2 

To finish the proof, for a given e > choose k > 8 such that (1 — C(l/K) a ) > VI — e ) an d 
(1 + C(1/k) q ) < \/l + e. Next for that selection of k choose Mq > 2 large enough so that for 

M > M , 

, l-C/M a 1 + C/M a , 

□ 
3 Optimal Doubling on Reifenberg Flat Domains. 

As seen in Lemma 12.181 for L G £(A, A, a), the L— elliptic measure of an NTA domain is a dou- 
bling measure on <9f2. In the present section we prove that for such L, the L— elliptic measure 
of a Reifenberg flat domain O C M n+1 with vanishing constant, behaves asymptotically like the 
Euclidean measure in M. n . Using the terminology introduced by M. Korey (see [TB]) we say that the 
L— elliptic measure of a Reifenberg fiat domain with vanishing constant is asymptotically optimally 
doubling. 

Theorem 3.1. Given e > 0, for L G £(A,A, a), there exists M(n,s,a) > 1, so that if M > 
M(n,£,a) there exists 5(e,a,M,r/s) = 5 > such that, for < r < s < R/M and any (5,R)- 
Reifenberg flat domain Q C M n+1 we have: 

(l-e)( r -) n < " X W Q ^ <(l + £ )( r ~ 

1 J W -^(B(Q 2 ,s))- [i+£ \s 

where Qi,Q 2 £ dQ n B(Qq, s) for some Qq G dVL, X G VL, and \X — Q$\ > Ms. 

Corollary 3.2. Let 0, C M n+1 be a Reifenberg flat domain with vanishing constant, and L G 
£(A, A, a). Then for any X G f2 and r G (0, 1) 

Um . nf uj x (dnnB(Q,Tp)) = nm gu u x (dnnB(Q,r P )) = ^ 

P^OQedn uj x (dftnB(Q,p)) p^o Q( zg n uj x (dtt n B (Q , p)) 

The main idea of the proof is to compare the elliptic measure of a Reifenberg flat domain with 
the elliptic measure of an appropriate cylinder. In order to do this we need to introduce some extra 
notation. 

10 



Let f2 C R n+1 be a (5, i?)-Reifenberg flat domain, with 5 < <5o- Let M > 1 be a large number to 
be determined later, let s > be so that Ms < R. There exists an n-dimensional plane £(Qo, Ms) 
containing Qq and such that 

1 



Ms 



D[dn n B(Q , Ms), C(Q ,Ms) n B(Q Q , Ms)} < 5, 



T + (Q , Ms) cn and T~ {Q ,Ms) C tt c . 
In particular if we define for r = Ms or r = Ms/2 



n(Q , Ms) =Hn {(x, t) G M n+1 : x G £(Q , Ms), |x - Qo\ < 



C + (Qo,r) = {{x,t) G R n+1 : x G C(Q ,Ms), \x - Q \ < 



Ms 
Vn + 1 



> 1*1 < 



Vn + 1 



25r < £ < 



C" (Qo, r) = {(x, i) G M n+1 : x G £(Q , Ms), |x - Q | < 



VnTT 



-25r < t < 



Ms 
Vn + 1 

r 

V^ + 1 

r 



Vn + 1 



} 



and 



C(Q , Ms/2) = {(x, t) G M n+i : x G £(Q 0) Ms), \x - Q \ < 



Ms 



= > 1*1 < 



Ms 



2VnTT - 2VnTT 



}• 



then 



C+(Q , Ms) CO(Q , Ms) cC"(Qo, Ms), and C + {Q ,Ms) C T+(Q ,Ms). 



Note that the Hausdorff distance between C + (Qq, Ms) and C (Qo, Ms) is A5Ms. Besides if ums,q 
denotes the unit normal to C(Qo,Ms) chosen with the appropriate orientation, then 



A(Q ,Ms) = Qo + 



Ms 



4Vn + 1 



for 5 small enough 



B(A(Q ,Ms), 



Ms 



8VnTI 



n Ms ,Q gC+(Q ,Ms/2), 



cC+(Q ,Ms/2) 



and 



dist 



B[A(Q ,Ms), 



Ms 



8VnTT 



,dC + (Q ,Ms/2) 



> 



Ms 



16VnTT' 



Remark 3.3. If II denotes the orthogonal projection from W l+ onto £(Qo,Ms) then 



U(n(Q ,Ms)) = {x G £(Q ,Ms) : \x - Q \ < 



Ms 

Vn + 1 



}• 
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Next we introduce the sets which arise from the intersection of d£l(Ms, Qq) and cylinders having 
direction n,Ms,Q - We denote by 

r(Qo, s) = {(x, t) G M n+1 : x G C(Q , Ms), \x - Q \ < s, \t\ < , Ms } D dn(Q , Ms) 

Vn + l 

and by 

Mr ~ 

T(Q,r) = {(x,t) ER n+1 : x £ £(Q ,Ms), \x-U(Q)\<r, \t\ < . }ndn(Q ,Ms), 

\Jn+l 

for Q G T(Qq,s) and r > small enough so that F(Q,r) C T(Qo,s). In particular if r = ts for 
some r € (4<5M, 1), then 



r(Q,rJl-(^-\ J Cdnr\B{Q,r)cT{Q,r). (3.1) 

If r is relatively large with respect to 25 M, the projections of these 3 sets on L(Qq,Ms) have 
almost the same area. In fact recall that |n(r(Q,r))| = uj n r n . 

Let us denote by ci> the elliptic measure of £l(Ms,Qo) and by tu± the elliptic measures of 
C ± (Q ,Ms). 

Lemma 3.4. Given e > 0, /or L G £(A, A, a) ; there exists M(n,e,a) > 1 such that if M > 
M(n,£,a) there exists 5(e,a,M,r/s) = 5 > so that if £1 is a (5, R)-Reifenberg flat domain, then 
for0<r< s<R/M, Q ,Q £ dn, B(Q,r) cB(Q ,s), and X £ dC(Q , Ms/2) n C + (Q , Ms), 

(1 - e)ujX(A + (Q + ,r)) < u x (d£l D B(Q,r)) < (1 + e)wf (A_(Q_,r)) (3.2) 

w/iere Q± = U(Q) ±25Msn Ms ,Q , and A±(Q±,r) = B(Q±,r) r\dC ± (Q ,Ms). 

Proof. The basic idea is to compare the appropriate solutions of Lu = in C (Ms, Qo) and 
il(Ms,Qo) in order to apply the maximum principle. Since Lemmata 12.151 and 12.211 are valid we 
may adopt the proof of Lemma 4.1 in [15]. □ 



The following lemma gives the opposite estimate when the pole is far away from the boundary. 

Lemma 3.5. Given e > 0, for L G C(X, A, a), there exists M(n, e, a) > 1, so that if M > M{n, e, a) 
for k, > 2 there exists 5(e, a, M, k, r/s) = 5 > such that if Tl is a (5, R)-Reifenberg flat domain, then 
forO <r < s < R/M, Q G dfl, Q G dn, B(Q, r) C B(Q , s), and X = (x, t) G dC(Q , Ms/2) n 



C + (Q ,Ms), with t > Ms/Ky/nTT, 

(1 - eV x (A_(Q_,r)) < u x (B(Q,r)) < (1 + e)oj x (A+(r, Q+)). (3.3) 

where Q± = U(Q) ±25Msn Ms ,Q , and A±(Q±,r) = B(Q±,r) n dC ± (Q ,M8). 
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Proof. Let e' = e'(e) > to be chosen later. We first prove that, for M > 2 there exists < 
5(e, M, n, r/s) so that 

u£(A_(Q_,r)) < il^o^CA+CQ+.r)). (3.4) 

Let us first show how to obtain (13. 3|) from (|3.4jl . Choose M large as in Lemma 13.41 Denote 
6' := 5(e' ,M,r/s) the constant in that lemma. Then for 5 < niin{5' ,5(e' ,M,k, r/s)}, inequality 
(|3.2p holds with e' instead of e. Combining (|3.2p and (|3.4p we obtain 



(l- £ ') 2 



:i + e') 2 



T _^u;f(A_(Q_,r))<^( J B(Q,r))<^ T ^^(A + (Q + ,r)). 
Choosing e' > so that 1 — e < (1 - e') 2 /(l + e') and (1 + e') 2 /(l - e') < 1 + e we obtain inequality 



Now we continue with the proof of <|57S|> . Recall that C+(Q , Ms) C fi(Q , Ms) C C~(Qo, Ms). 
Assume that 5 < 5' and define 

ui(s,t)=u;i x,t) (A_(Q_,r)) for (x,£) G (T(Qo,Ms), 



and 



u 2 (x,t)=J+> t) (A + (Q + ,r)) for (x,i) € C+(Q ,Ms). 



We compare ui(x, t — 45Ms) and u 2 (x,t) for (x,£) G <9C + (Qo>Ms). First note that if £ = 25Ms or 
l x ~~ Qol — Ms/y/n + 1 then i*i(x, £ — 4<5Ms) = U2(x, i). Indeed, if t = 25Ms then u\(x, t — A5Ms) 
vanishes for \x — II(Q)| > r and it is equal to one otherwise. The function u 2 has the same behavior. 



When \x — Qol — Ms/y/n + 1 >> r both functions vanish. 

Since C~(Qo,Ms) is an NTA domain, u\ is non negative on C~(Qo,Ms) and ui(x,t) = for 

3Ms 



(x, t) G aC"(Q , Ms) n {(x, t) G 



pn+l . 



£> 



4Vn+l 



}< 



we apply Lemma 12.151 to get 



Ui(x, 



Ms 



AS Ms) < KiS 13 



Vn + 1 
where K\ depends on the NTA constants of C~(Qq, Ms). Now consider a bounded function v(x,i) 

such that 

Lv(x,t) = 0, in C + (Q ,Ms) 

v(x,t) = 0, on t = 25Ms 

v(x,t) = l, on t = Ms/y/n + 1 

v(x,t)>0, on |x — Qo\ = Ms/y/n + 1. 
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Therefore for (x,t) G dC+{Q ,Ms) 

u ± (x, t - A5Ms) < u 2 (x, t) + K±v(x, t)S p . (3.5) 

By the maximum principle inequality (|3.5p holds for all (x,t) G C + (Qo,Ms). Let 

TZ = C + (Q ,Ms)nl{x,t) el n+1 :xeC(Q ,Ms),\x-Q \ < S ( 1 - 1/ A 

Ms Ms ( 1 

< t< . 1 



Ky/n + 1 \/n + 1 \ K, 

From the Hopf maximum principle and Harnack's inequality for 5 small enough and for Y G 1Z 

u 2 (Y) >K 2 = K 2 (n, A, A, k, t, M). 

Choosing 5 > even smaller we have K\v{x,t)5^ < K\C8^ < e'K 2 , therefore for (x,t) G 1Z we 
obtain 

Ui(x,t-45Ms) < (l + e')n 2 (x,t). (3.6) 

Applying classical interior estimates (see [ID], chapter 8) we conclude that there exists (3 > such 
that for 5 > small enough and for (a;,£) G 7£, 

U!(x,£-4<5Ms) > (l-C(<5K) /3 )ui(2;,t) > (1 - e') Ul (x,t). (3.7) 

Combining f|3.6|) and (|3.7p we have 

wi(x,i) < j u 2 (x,t) 

for (x, t) £ 1Z and the proof is concluded. □ 

The next theorem is an immediate consequence of Lemmata 13.41 and 13.51 We refer the reader 
to Theorem 4.2 of [15] for the details of the proof. 



Theorem 3.6. Given e > for L G £(A,A, a), there exists M(n,e,a) > 1, so that if M > 
M(n,e,a) there exists 5(e,M,r/s) = 5 > such that for any (8, R)-Reifenberg flat domain ft C 
W l+1 , andO <r < s < R/M we have 



n ,~,Xi 



, u x {B{Q u r)) < 



where Qi,Q 2 G <9S1 n B(Qq,s) for some Qq G £?fi, X G ^(Qo 5 -^s)\C(Qo;-^s/2). Here Q denotes 
the elliptic measure of 0,(Ms,Qq). 
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We now show that as long as X G Q,(Qq,Ms) is far away from Qq, lu x (E) / uj x (E r ) and 
u x (E)/u x (E') are comparable, whenever E, E' C dO, n B(Q, 2s). 

Lemma 3.7. Given e > 0, r G (0,1) /or L G £(A,A, a), i/iere exists M(n, e, a) > suc/i t/iat 

for M > M{n,e,a) there exists 5 = 5(e,Al,r) > suc/i t/iat z/f2 is (<5, R)-Reifenberg flat domain, 

< r < s < fl/M, Q G 9S], Q G 90, S(Q,r) C B(Q ,S) and X G h(Q ,Ms) \ C(Q ,Ms/2), 

then 

, i ,. G(X,y) ^ dw x (Q) Wl , ,. G(X,Y) 

Here uj (resp. ui) denotes the elliptic measure ofil (resp. Q(Qo,Ms)) with pole at X , and G (resp. 
G) denotes the Green's functions of £1 (resp. Q(Qq,Ms)). 

Proof. The Lebesgue differentiation theorem for Radon measures, ensures that, for w-almost every 

QG dnnB(Q ,2s) 

du x Z x (B(Q,r)) 

— -y(Q) = lim x . . rr - (3.8) 

duo* r->0 uj A {B(Q,r)) 

Consider a smooth function ty r such that VP r = 1 on B(Q,r), spt(^ r ) C B(Q,2r), |V\& r | < — and 

|D 2 vI/ r | < ^. Let u T satisfy Lu r = in and u r = \& r on dQ. Let u r satisfy Lu r = in Cl(Ms, Qq) 

and u r = \l/ r on (90(Qo ) -^'S). Then 

u r (X) = l\> r {Q)du x (Q) = - f (A(Y)VG(X,Y),V^ r )dY 
en q 

u r (X) = I $> r (Q)du x (Q) = - I (A(Y)VG(X,Y),V^ r )dY. 

dn(Qo,Ms) Q(Qo,Ms) 

An argument similar to the one used to prove the Lebesgue differentiation theorem ensures that 

^(Q) = hmM$) (3.9) 

dtU X r^0u r (X) 

Let A(Q) = A Q , then 
[(A(Y)VG(X, Y), V* r )dY = f(VG(X, Y),A Q V* r )dY + f ((A(Y) - A Q )VG(X, Y), V* r )dY. 

Q fl Q 

We estimate the last term by appealing (|2.13|) . Holder's inequality, a boundary Cacciopoli estimate 
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(see [13], Lemma 1.21) and Lemma 12.161 



J((A(Y) - A Q )VG(X, Y), V^ r )dY 



n 



1/2 



< Cr a ( I \VG\ 2 dY\ 

B(Q,2r) B(Q,2r) 

< Cr a -r n ' 2 r n / 2 ( J- \VG\ 2 (Iy] 

r \J B(Q,2r) 

< Cr a r n - 2 (-f G 2 dY\ 

\J B(Q,4r) J 

< Cr n - 2+a G(A(Q,r),X). 



To estimate the first term on the right hand side note that 

f{VG(X,Y),A Q V^ r )dY = I div(GA Q V^ r )dY - f Gdiv{A Q VV r )dY 



W r |W 



1/2 



v 1/2 



thus 



i r {X)- f G(X,Y)div(A Q V* r )dY 



<Cr n - z+a G{A(Q,r)) + 



dW(G(X,Y)A Q V^ r )dY 



(3.10) 



Note also that 



div(G(X,Y)A Q ,VV r )dY 



n(Q ,Ms) 



[ div(G(X,Y)A Q V* r )dY 

h 

IfF = n{Qo, Ms) \ C+(Q , Ms) then 

f div(G(X,Y)A Q V^ r )dY = f div(G(X,Y)A Q V^ r )dY+ f div(G{X,Y)A Q V^ r )dY 



n(Q ,Ms) 

and 



C+(Q ,Ms) 



div(G(X,Y)A Q V* r )dY 



C+(Q ,Ms) 



T 



(G(X,Y)A Q V^r,e n )dS 

U— MsS 1 

C sup -r n - l G(X,Y) 



YeB(Q,2r)n{i= T M^ r } r 



/n+T J 



c 



MsS 



$ 



G(A(Q,r),X)r 



n-2 
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Now 

< C sup G{X,Y)-a(TDB(Q,2r))^ 

Ff\B(Q,2r) r 



G{X,Y)div(A Q V^ r )dY 



Msb\ P „, ,,„ x „, 1 



C \ —) G(A(Q,r),X)^r^Ms6 



c(Mf±y +i G{AiQ , r) , x)r 



n-2 



In a similar way, 

/ (A Q V^ r ,VG)dY < C- I \VG\dY 



FC\B(Q,2r) 

i / r \ 1/2 / n 1/2 

< C-l I \VG\ 2 dY) [Ti n {TC\B{Q,2r)) 

B(Q,2r) 

r n/2 

< C^G(A{Q,r),X)(Ms5r n - 1 )^ 2 



= Cr^G(A(Q,r),X)l— j 

Therefore 

/ div(G(X, Y)A Q VV r )dY < C (^) P G{A{Q, r), X)r 
O(Q ,Afs) 
for 77 = min{/3, i}. We use this estimate in (|3.10p . 



n-2 



U, 



.(X)- f G(X,Y)div(A Q VV r )dY <Cr n+a - 2 G(A(Q,r),X)+c(^] G(A(Q,r),X)r n - 2 . 



Note that a similar estimate holds for u r (X) in terms of G. Next we write 

J G(X,Y)dw(A Q VV r )dY = J ^^ G(X,Y)div(A Q V^ r )dY 



Q(Q ,Ms) fl(Q ,Ms) 



I ( g{xy] ~ /(Q) ) G{X ' Y ) d ™(A Q W r )dY + l(Q) j G(X, Y)div(A Q VV r )dY 



n(Q ,Ms) Q(Qo,Ms) 

where 

««>-£% S3- 

We now choose ts < r < s and 

Mi 
17 



where e' = e'{e). Then we choose 5 such that 



(8M\ n 



Combining the estimates above with Theorem 12.201 we have 



u r (X) - l{Q)u r {X) 



< 



u r (X)- / G(X,Y)dW(A Q V^ r )dY 



+ 



G(X, Y)div(A Q V^ r )dY - l(Q) I G(X, Y)div(A Q V^ r )dY 



+ KQ) 



u r {X)- I G(X,Y)div(A Q V$ r )dY 



< r n+a ~ 2 G(A(Q, r),X)+ e'r n - 2 G(A(Q, r),X) 

+ l(Q)r n+a ~ 2 G(A(Q, r),X) + e'l(Q)r n ^ 2 G(A(Q, r),X) 
5Ms^ +1 



+ (i) « Q \ 



< r n - 2 G(A(Q,r),X)Ur a + e 



r n ~ 2 G(A(Q,r),X) 
,.G(A(Q,r),X) 



G(A(Q,r),X) 



+ {r a + e')l{Q) 



* -<•W (r ' ,+E ' > §if^y +(r ' ,+^ ' ) ' (g, 

since by the maximum principle 

r n ~ 2 G(A(Q,r),X) <u; x (B(Q,r)) <u r (X). 



Furthermore since 



l[m G(A(Q,r)X) 

r-+o G(A(Q,r),X) W > 



u r {X) 



u r (X) 



KQ) 



el(Q). 



We conclude the proof by combining (|3.9[) . (|3.1ip and choosing e' in terms of e. 



(3.11) 



D 



Corollary 3.8. Given e > 0, for L G C(X,A,a), there exists M(n,e,a) > 1 so that if M > 
M(n,s,a) there exists 5(n,a,e,M) > 0, such that if O C M n+1 is a (5, R)-Reifenberg flat do- 
main with 5 G (0,5(n,e)], Q G dQ, < s < R/M, E,E' C dtt n B(Q ,2s), and X G 
0(Qo,Afs)\C(Q ,Ms/2) i/ien 



r.X 



u x (E) uj x (E) 



( 1 - £ )^7^^^7^<( 1 +^- 



u x {E) 



u x {E<) ~ uj x (E 



xtmY 



uj x (E- 



18 



Proof. We choose e 1 to depend on e such that Lemma 13.71 is satisfied. From Theorem 12.201 we have 

\i(Q )-W)\<C d{X > A{Qo > Ms)) ( lQ - Qo1 



'G(X,A(Q ,Ms))\ Ms 
for Q S d£l n B(Qq, 2s). In addition Lemma |2. 191 guarantees that there exists a constant C > 1 so 
that 

C ^ o) ^G(X^(Q ,M S ))^ C£(Qo) - 



Hence 



Since 



£* 



(l-^)Wo)<^)<(l + ^)^o). 
(E) = j^(Q)du x (Q) < (l + e')Je(Q)dw x (Q) < (1 + £ ')(l + j^jKQ^i® 



E E 

and 



^(e) > (i + £ / r 1 (i - ^)kqoV x (^) 

we have that 

, j 2 1-(C/AT) uj x (E) u x (E) 2 1 + {C/Mr) u x (E) 

{ ' 1 + (C/M~i) u x {E>) ~ oJ x (E>) ~ l ' 1-iC/M-r) lo x {E')' 

Choosing M and e' appropriately we conclude the proof of Corollary 13.81 □ 

Proof of Theorem l3.lt For e' = e'(e), let M(n, e' , a) > 1 be as in Theorem 13.61 and Corollary 
13.81 For M > M(n,e',a) there exists 6(n,e',a,r/s,M) > so that if Q is a (5,R) Reifenberg flat 
domain with 5 < S{n,e' ,r/s,M) then Theorem 13.61 Lemma 13.71 and Corollary 13.81 hold. Namely 
for < r < s < R/M we have that 

where Qx,Q 2 G 5fin5(Q ,s) for some Q £ dti, X £ Sl(Q 0i Ms)\C(Q , Ms/2). Moreover 

_ u x (B(Q 1 ,r)) LoXjBjQ^r)) u x (B(Q u r)) 

{ >u x {B{Q 2 ,s)) ~ uj x (B(Q 2 ,s)) ~ { + ^ x (B(Q 2 ,s))- 

Therefore for e' > so that 1 - e < (1 - e') 2 and (1 + z'f < 1 + e, and lelln dB(Q , Ms/2) 
(1 _ e ) M V(S(g 2 , a)) < w x (B(Qi, r)) <(! + £) f -) V(B(Q 2 , a)). 



The maximum principle guarantees that for all X G £1\B(Ms/2,Qq) 

s) -u x (B(Q 2 ,s))- [i+£ \s 
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4 Regularity on chord arc domains. 

In this section we prove that on a chord arc domain with small enough constant if L is either in 
£(A, A, a) or if it is a perturbation of the Laplacian then the elliptic measure is an Aoo weight 
with respect to surface measure. In the case that £1 is a chord arc domain with vanishing constant 
and L G £(A, A, a) we show that the logarithm of elliptic kernel (i.e. the density of the elliptic 
measure with respect to the surface measure) is in VMO. A key step in these proofs is Semmes' 
Decomposition for chord arc domains with small constant (see [15], Theorem 2.2). 

Let Q be a (5, i?)-CAD for 5 small enough so Theorem 2.2 in [15] holds. Let P G d£l and let 
r > small enough so the construction in Lemma 5.1 in [15] goes through. In this case there exist 
two Lipschitz functions h + and h~ defined in C(P,r) such that h~ < h + and ||V/i ||oo < V where 
7/ ~ <5 1//4 . Let 

Q+ = {( X)t ) G M. n+1 : x e C(P,r), t > h + (x)} 

and 

n- = {(x,t) € M n+1 : x G C(P,r), t > h~{x)}. 

As in Lemma 5.1 in |15] the graphs T of h approximate dQ, in C(P,r) from above and below 
respectively, in the sense that 



D 



T ± nB(P,r);dnnB(P,r) 



<r)r and a{T + DT' DB(P,r)) > ( 1 -ci exp{-c 2 /r/} \uj n r n (4.1) 
where ci,C2 are positive constants as in ([15], Theorem 2.2). Moreover 

ft + nc(p,r) cnnc(p,r) c fr nc(p,r). 

Lemma 4.1. Let L G £(A,A, a). There exists 5(n) > such that if U C W n+1 is a (5,R)-CAD 
with < 5 < 5(n) and X G Q then lo x G ^(efo-) where a = H n L dtt. 

Proof. Choose 5(n) > such that Semmes decomposition applies f2 as in Lemma 5.1 in |15] . 
For X G n let d = dist(X,5fi) and oj x = u>. Let < r < minj.R/2, d/4}. For P G dtt let 
A = d£l n B(P,r) and A = A(P,r) be the non-tangential interior point of f2 DC(P, 2r). We 
may assume that il + n C(P,2r) C tin C(P,2r). We denote by to + be the L— elliptic measure of 
tt + n C(P,2r). Since for E C A, w A (^) ~ u(E)/u(A). It is enough to prove that for a' G (0, 1) 
small, there exists j3 G (0, 1) so that if uj a (E) < a' then a(E)/a(A) < (3. 
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Assume that us (E) < a'. We decompose E as in Lemma 5.2 of |15J . E = E\ U Ei where 
E\ = E n dfl + and E% = E \ <9$7 + . By the maximum principle lo+(Ei) < uj a {E) < a' . We write 

°(E) oCEi) a(E2)_ , , 

ct(A) cr(A) cr(A) ' l ' j 

Since + is a Lipschitz domain, cj+ G Aoo(do"+) so there are positive constants 0, Ci, C2 such that 

/ M^OV/ 9 g^(gi) / o^ 

Ci vmaT)J -^a7)- C2 Vma7 

where A + = dQ n S(II(P), /i + (n(P)), ry 1 + n 2 ) and a + denotes the surface measure of d£l~ 
Therefore the first term of (14.2|) is estimated by 



Finally the second term of (|4.2|) is controlled using the Semmes' Decomposition estimate for chord 
arc domains with small constant (see |15| . Theorem 2.2). That is, 

a(E 2 ) ciexp(-c 2 /r/)u; n r n 

^(AT ^ ^(A) ~ (1 + ^ ex P(-^/^- 

Gathering all the estimates and choosing a' > and 5 > small enough, since 77 ~ (5 1 ' 4 we conclude 
that a(E)/a(A) < p < 1. D 

An immediate consequence of Lemma 14.11 is the following Corollary. 

Corollary 4.2. Let L G £(A, A, a). There exist S(n,X, A) = <5o > 0, jj, > and (3 > such that 
iftlc R n+1 is a (5,R)-CAD with < 5 < 6 , for X G Q, A = dtt n J3 (Q,s) witfi Q G <90, 
s < min{dist(X, <9S7)/4, i?/4}, and E G A is a measurable set then 

u X (E) (o-(E)\ 2 » 
^(A)-\a{A)) ■ 

x 



Moreover if kx = duo /da then 



r \ 1/1+2/3 

/ ,.1+2/9 



k x da < c / kxda 



a(A) y * ; - a(A) 

A A 

where c > 1 denotes a constant that depends only on n, A, A. 

The next theorem states that the density satisfies a reverse Holder inequality with optimal 
constant. The proof is very similar to the proof of Theorem 5.2 in [15j . which we can adopt in our 
case due to the C 0,a regularity of the coefficients. Here we present only the main steps of the proof. 
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Theorem 4.3. Let L G £(A,A, a). Given e > 0, and N > there exists 5q = S(e,N, A, A, n) > 
swc/i £/ia£ if Q C R ra+1 is a (<5, R)-CAD with 6 G (0, <5 ) i/iere exists 7 = 7(2, iV, A, A, a) > 0, so 
t/iai /or any surface ball B C <9f2 wit/i radius s < 7/2, if X £ £1 with dist(X, d£l) > AT, and 



A*(Q) = k(Q) = ^-(Q) then 



r \ 1/1+/? 1 

fc 1+/3 do- c (1 + e)— — / fcdtr, 



a(B) J J " v V(B) 

B B 



where (3 > 0. 



Proof. We intend to apply Semmes decomposition in the set A(Qq, r) = B(Qo,r)P\d£l with r = Ms 
for M >> 1 large enough. 

Let X G dC(Q ,r/2)nn + C O(Q ,Afs) and ft(Q ,Ms) = nnC(Q ,Ms). We denote by w the 
elliptic measure of O with pole at X, by Q the elliptic measure of £l(Qo,Ms) with pole at X, by 
uj- the elliptic measure of Q~ n C(Qo) Ms) with pole X and by 10- the elliptic measure of Or with 
pole X. Moreover we denote by k-(Q) = dw-/da-, k-(Q) = duj-jdo-. 

We need to estimate 

fk 1+ ?do-= I k 1+f3 da + I k^da. (4.3) 

A A\sn- Anon- 

To estimate the first term of (|4.3p . we apply Semmes decomposition to get 

a(A\dn-) < deM-—)uj n (Ms) n 

V 



or 



^ A ^)<2C 1 ex P (-^)M« 



o-(A) 77 

where n ~ o" 1 ' 4 . Applying Corollary 14.21 and choosing 5 > small enough we conclude that 

1+/3 

A\an- A\an- 

a(A\an-)\^/ 1 /' U+ « J _\ 1+/3 



1+/3 



A 

< *( 2Cl e X p ( -f>«»)™(^/^) 



A 
\ 1+/3 
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In order to estimate the second term of (|4.3p . we need to show that 

k { Q)<(l + erk-(Q)^^- (4.4) 

for every X S dC(Ms/2,Qo) n 0, where k and fc_ denote the elliptic kernel with pole X, A_ = 
B((II(Qo),fr~(n(Qo))),«)n0fi- andQe AnA_. 

The proof of (|4.4p follows the same guidelines as the corresponding proof in [15]. We include 
the proof in the case that the pole is far from the boundary in order to illustrate which results need 
to be used in this case. We refer the reader to [TH] for the proof of the case when the pole is close 
to the boundary. 



Let X = (x, t) with t > Ms/ ' K\fn + 1. Let Go C An <90 be the set of density points of 

An dn~. 

By Lebesgue density theorem 

f k 1+ ?da= [k 1+ ?d<j 
Anan- Go 

and applying Corollary 14.21 for Q £ Go, we have 

.. io(A ndn-) 

hm — - -r = 1, 

A iQ w(Aq) 



and 



MQ)=lim4^=hm^ AofW 



A |Q cr(A ) AoiQ ct(A ) 

where Ao is a surface ball centered at Q and contained in A. Let F = Ao n 90~ and apply the 

maximum principle to obtain 

5(F) 5_(F) 5_(A_) 



where 



5(A) ~ 5_(A_) 5(A) 



, w_(A_) , 



5(A) 
since Lemmata 13.41 and 13.51 are valid. Now using Corollary 13.81 we obtain 



u(F) , 3U -(F) 



and 



w(A) ~ w_(A_ 



w(F) <(1 + £ , )3 u;_(F) <r_(A„) w(A) 



<t(A ) " ff-(A„) ct(A ) w_(A_ 



23 



where A is a surface ball in d£l centered at Q and with the same radius as Ao- Using the fact 
that d£l~ is a Lipschitz graph with small constant less we conclude that for S > small enough, 

"(F) < n | ^5 "-(F) "(A) < n | ^ "-(Ap) o;(A) 
a(A )- 1 + J a_(A -) W _(A_) " l ^ J a_(A Q -) w_(A_) - 

Therefore letting Ao I Q we conclude that 

k{Q)<{l + e'f-^- ) k^Q). 



The proof of the case when the pole is close to the boundary uses Theorem 12.201 and the ideas 
of the proof of Theorem 4.2 in [15j . 

Next we estimate the second term in (|4.3|) . For X G dC(Qo,Ms/2) n O, 

1+/3 



1 



cx(A) 



/t 1+/3 do- < 



Go 



w_(A_) 



1 fc 1+/3 da 



a(A) 



< (1 + 

< (1 + 



^> 8 +f 



Go 
1+/3 



a_(A_; 



a_ 



1+/3 



a_(A_) 



/fe^da. 



k_du- 



1+/3 



< (l + 0(l+0 8(1+/3) (^y/^) 



1+/3 



Combining all the estimates above and choosing e' in term of e 
we have that 



1 



a(B) 



1/1+/3 -, 

k 1+p da\ <{l + e 



B 



a{B) 



kda, 



B 



D 



The regularity result is a consequence of the following corollary. 

Corollary 4.4. Let L £ £(A, A, a). Given e > 0, and JV > iaere exists 5q = 6(e, N, A, A, n) > 
such that if Q C M n+1 is a (5,R)-CAD with S G (0, 5 ) iaere exists 7 = 7(5, JV, i?, A, A, to) > 0, 
so iaai /or any surface ball B C 90 wit/i radius s < 7/2, if X £ Q with dist(X, 9J1) > TV, and 



k x (Q) = KQ) 



da 



(Q), then 



1 



o-(B) 



log fc 



£>' 



o-(S) 



log/cdo" I \da < e. 
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Proof. We will use Sarason's lemma and John-Niremberg's in the following manner. Let e'(e) > 
to be determined later. For e' and N let 5 and 7 be as in Theorem 14.31 and dv = (j A kdo~)~ 1 kda. 
From Holder's inequality we have 

1-I3/1+/3 



k l -Pd<J<{ k l+ ?do\ (7(B) 



20/1+13 



B 


B 




Hence for e' small enough 






1 k^du i k-^dv < | 
B B 


( l fkda] 


"( ' 1 


{'(B) J Ua ) 

B 


\"(B) J 

B 



2/1+/3 

k 1+f3 da) <l + 3e'. 



Applying now Sarason's lemma (see [T7]) together with John-Nirenberg's inequality guarantees that 
for p £ [1, 00), if s < 7/8, 

]ogk-c B \ p dJ] P <%' l/3 , 



u{B)J ' Dl J ~ 

B 

where cb = l/u>(B) j B log kdto. From the theory of ^loo-weights we have for some p large enough 

B 

Thus applying Holder's inequality we have 

^— J\logk- c B \da < c(-^~ J I log k - c B \ p duj] < C((i,p)e' l/ \ 

B B 

Choosing e' so that C(f3,p)e' ' < e/2 we conclude that for a surface ball B with radius s < 7/8 

' log k — I — — - / log kda )\da < e. 



a(B) J ' & \a{B) 

B B 



U 



Corollary 4.5. Let L G C(X, A, a). Let Q C M. n+1 be a chord arc domain with vanishing constant. 
Then for any l£(], log k x G VMO(dn). 

We now concentrate in the case when L is perturbation of the Laplacian, i.e we assume that 
(|2.15p holds. The crucial step in the proof of Theorem 12.141 is to compare the L-elliptic measures 
of the Lipschitz domains Q^ 1 we constructed above. 
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Lemma 4.6. Let L be a uniformly elliptic operator in divergence form satisfying the assumptions 
of Theorem \2.14\ Let T^ be defined as above. Then there exists 9 > such that for Q G dQ, and 

s>opcr+nrn b(q, s) 



where A± = B(Q^,s) with Q^ = (U(Q), h^(Ii(Q))) and II is £/ie projection in C{P,r). Here uj^ 
denote the L— harmonic measures of fl^ nC(P,2r) with pole outside B(P,r). 

Proof. The proof will follow the lines of Main Lemma in [6]. Let G C T + nT^n B(P, r) and denote 
by Q ± = {q,h ± (q)). If X = (x,x n+1 ) then 

dist(X,r ± ) ~ \x n+1 - h ± {x)\ 

and for q such that h + {q) ^ h~(q) 

h + (q) - h~{q) ~ dist(Q+,r") ~ dist(Q _ ,r+). (4.6) 

We proceed by constructing a Whitney decomposition of M. n+1 \G. Extract a subfamily {Q^} such 
that T~\G C UQ~. By g^D note that dist(Q~,r+) ~ diam Q~. Since Lip(/i+) < rj and n « 1 
there exist a family {Qf} obtained by vertical translations from {Q^} and such that Q~ G Q^ if 
and only if Q + G Qj. Furthermore 

diam Q~ = diam Q+ ~ dist(Q+ r~) ~ dist(Q",r + ) 

andr+\Gc UQ+. 

We can find Q* such that 2Qj~ U 2Qf C Q* and diam Q* ~ diam Q^. Next we define the 
measure \jl for F C T - n B(P, r) by 

We will prove the following claim. 

Claim. If Q G T- and B(Q, s) C B(P, r) for FcTn B(P, r) then 

/x(F) . u;_(F) 



< 



li{B{Q,s)) ~lo-(B{Q,s)) 
and 

/i(J3(P,r))sil. (4. 
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(4.7) 



From the claim, using the real variable lemma of Coifman and Fefferman (see [3]) we conclude 

dSD. 

Proof of claim. Let QeT n!(P,r) and < s < r. If for all i, Q~ n B(Q,s/2) = then 
-B((5, s/2) C G, Q £ T + and by the doubling property of uj + 

H(B(Q, s)) > u + (B{Q, s/2) n G) = u + {B{Q, s/2)) > u+(B(Q, s)). 

If there exists an % such that Q~ n -6(0; , s/2) 7^ by the doubling property of lo + 

v(B(Q,s))>LU + (B(Q,s)nG)+ Yl u +^y 

QiDB{Q,s/2)^(D 

Moreover, if Q G T+ n T", and Qj n £(Q, s/2) / for some i, 

H(B(Q, s)) > u + {B{Q, s) n G) + w+(J3(Q, s/2) \ G) > w+(S(Q, s/2)). 

Now if Q ^ r + , Q = G; - G G;^ (for the same i as above) and Q + G G:^~- In addition 

B{Q + , s/4) n T+ \ G C U2Q+ and Qr n 5(Q, s/2) / 

since for (x, h + {x)) G J3(Q+, s/4) n T+ \ G, 

|(x,/»+(x)) - (q,h-(q))\ < \(x,h-(x)) - (x,h + (x))\ + \(x,h-(x)) - (g,/T(?))l 

< diam Q~ + s/4 + r?s/4. 

Thus £w+(Q*) > ^+( J B(Q + , s/4) \ G) with Q" f)B(Q, s/2) + and 

fi(B{Q, s)) > w+(B(Q, s) n G) + uj+(B(Q + , s/4) \ G) 

for Qer\r+. 

Now if B(Q,s/(2 • 10 6 )) n G = 0, for all X = (x,h+(x)) = (x,h~(x)) we have 

\(q,h~(q)) - (x,h~(x))\ > s/(2 • 10 6 ). 

Hence if \q - x\ < s/(2 • 10 6 ) then 

s rjs 

\x — q\ > 



2 • 10 6 2 • 10 6 
and for 7/ small enough 

s 



\(q, h + (q)) - (x, h + (x))\ > \x - q\ - r?s/(2 • 10 6 ) > 



4 • 10 6 ' 
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Thus by the doubling property of u;+, 

fi(B(Q, s)) > u>+(B(Q+, a/(4 ■ 10 6 ))) > u + (B(Q+,cs) > u+(B(Q, cs)). 

On the other hand, if B(Q,s/(2 • 10 6 )) n G / 0, then B(Q+,s/A) C B(Q,s) and again by the 
doubling property of lo + 

H{B{Q, s)) > u + (B(Q + , a /4)) > oj+(B(Q, cs)). 

Thus, in any case we have shown that 

H(B(Q, s)) > u + (B(Q+, a /4)) > u+(B(Q, cs)). (4.9) 

Let Q G T~ n -B(P, r), -B(Q, s) C -B(-P, r) and consider two cases. 

Case 1. For every i, Q~ n B(Q, s) / and diam Qj~ < 100s. 

Then, B(Q, Cs)nT + / 0. For simplicity let A = A + (Q + , Cs) = A~(Q-,Cs) the non-tangential 
points of Q^ at Q^ at radius Cs. Since Q~ n -B(Q, s) / 0, the distance of Q = Q~ to Qj is less or 
equal to s and 2Q 4 r C B(Q, Cs), so Q* C B(Q, Cs) and using the Carleson estimate in p] we have 

<4(Q*) ^ W± (Q?) 



o^CBCQ.Ca)) w±(B(Q,C 8 )) 

and 

^(FHQr) ^ u_(FnQr) 

u A (B{Q,Cs)) " w_(J3(Q,Ca))" 

Similarly 

h)f(FnG) _ ^(FnG) 

wf(fi(Q,Ca)) -w + (J3(Q,Ca))" 
Recall that u£(B(Q,Cs)) ~ 1 thus P~TTj) and (J4TT2J) become 



(4.10) 

(4.11) 
(4.12) 



^(FnQ-). ^g^ft (4.13) 



uj^{B{Q,Cs)) 
and 

u + {B(Q,Cs)) 
In addition, since u>+ is a doubling measure, 

(4(Qi)Z<4(Qt)- ( 4 - 15 ) 

If Z G Qf, then wf(QJ) ^ 1 = w+(Q+). For Z G d(ft+ n B(P,Cr)) \ Q+, w£(QJ) > and 
u)+{Qi) = 0. Therefore by the maximum principle for Z G <9(Q + n -B(-P, CV)) 

<4(Q+)<u;£(Q*)- (4.16) 
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From (|4.15j) . (|4.16j) we deduce that, 

^(Q*)<^(Q*). 
Thus, by (gj|, d4TTD|> . d4TTT|> . (1TO|) and (|4TT71) we have 



(4.17) 



KB(Q,s)) 



< 



u-.(FnG)+J^^j^u+(Qt) 



u+(B(Q,Cs)) 



< oji(FnG) + Yl 



wf(FnQD 4 



<*W) 



<(q*: 



< W f(FnG) + ^ w f(FnQr) 



< 



< 

|"NJ 



«f(F) 



u,_(F) 



w_(s(g, s ))- 

Case 2. Suppose there exists Q^ such that Q~ n B(Q,s) ^ and diam Qj~ > 100s. This implies 
B(Q, s ) n G = and S(Q, s) C Q*. 

If Qj~ n B(Q, s) ^ 0, then, dist(Q~, Q~[) < 2s, with diam Q^ ~ diam Q z ~. Since u;_ and w + are 
doubling measures and Q*, Q\ have large overlaps, o;±((3*) ~ u±(Q*). Thus for F C B(Q,s) 

rm ^ ^(FnQ~) 



and similarly 



which yields 



fi(B(Q,s)) 



cu_(Q 



HE w -( fn «; 



w_(F) 



w-(QT) 

/.(F) ^ W _(F) 



Hw(£(Q,s)) 



H(B(Q, S )) u,-{B(Q,s)Y 

This concludes the proof of (|4.7|) in the claim. To prove (J4.8P recall that by (|4.1[) 



(j(r + nrnB(P,r)) > fl- Cl exp{-c 2 /?7})r n u; n - 



Hence by the doubling property of cj+ 



v(B(P,r))>u+(B(P,r)nG)>u; + (B(P,r))~l. 
Clearly by the doubling character of lo + we also have that (i(B(P,r)) < 1. 



D 
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Proof of Theorem \2.14\ 

Choose 5(n) > such that Semmes decomposition applies £1 as in Lemma 5.1 in [15]. For 
X G n let d = dist(X,0ft) and w x = u). Let < r < min{ R/2.d/A}. For F G 3fi let A = 
90 n P(P, r) and .A = A(P, r) be the non-tangential interior point of tt n C(P, 2r). We may assume 
that n+ n C(P, 2r)cfln C(P, 2r). We denote by uj + be the L-elliptic measure of 0+ n C(P, 2r). 
Since for BcA, w (P) — uj(E)/uj(A) It is enough to prove that for a G (0, 1) small, there exists 
/9 G (0, 1) so that if u A (E) < a then a(E)/a(A) < 0. 

Assume that ui (E) < a. We decompose E as in Lemma 5.2 of [15], E = E\ U P2 where 
Pi = P n <9£1 + and P2 = P \ <9f2 + . By the maximum principle w^(Pi) < w (P) < a. We write 

q(P) _ a{Ex) a(E 2 ) 

o-(A) (7(A) <r(A) l ' j 

In this case we do not know if o;+ G j4 00 (d<7+). On the other hand since 0~ is a Lipschitz 
domain and L (extended to be the Laplacian in f2 c ) is a perturbation of the Laplacian satisfying 
(|2.15|) we know that w_ G A^do*-) by Theorem 12.131 Therefore there are positive constants 7, 
Ci, C2 such that 

/ MPO \ ^ ^(Pi) ^-(Pi) V r4 iq) 

Ci Im^)J ^^a-)^ C2 Im^)J (419) 



where A_ = dQ n P(II(P), ft, (II(P)), ryl + r? 2 ) and cr_ denotes the surface measure of d£l . The 
first term of (|4.18p is estimated combining (|4.19p and Lemma 14.61 



°<m < mpi1ma_) 

<7(A) - <r_(A_) (7(A) l " j 

, u;_(Pi)^ 7 (7_(A_ 



r^ 



cj_(a_); (7(A) 

W+ (Pi) V'(7_(A_ 



w+ (A+)y (7(A) 

< /(i + » 2 r 1/2 (i+^) 

where 9' = 9' (9, 7). Finally the second term of (|4.18|) is controlled using the Semmes' Decomposition 
estimate for chord arc domains with small constant (see [15j . Theorem 2.2). That is, 

a(E 2 ) ciexp(-c 2 /r/)u; n r n 

-ttt < tvt ^ (1 + V) exp -ca/r? . (4.21) 

(7(A) (7(A) 

Combining (|4.20j) and (|4.2ip . and choosing a > and 5 > small enough(recall r\ ~ 5 1 ' 4 ) we 
conclude that a(E)/a(A) < /3 < 1. D 



30 



References 

[1] L. Caffarelli, E. Fabes, S. Mortola, S. Salsa, Boundary behavior of nonnegative solutions of 
elliptic operators in divergence form. Indiana Univ. Math. J. 30 (1981), no. 4, 621-640. 

[2] L. Caffarelli, C. Kenig, Gradient estimates for variable coefficient parabolic equations and 
singular perturbation problems. Amer. J. Math. 120 (1998), no. 2, 391-439. 

[3] R. Coifman, C. Fefferman, Weighted norm inequalities for maximal functions and singular 
integrals. Studia Math. 51 (1974), 241-250. 

[4] B. Dahlberg, Estimates of harmonic measure. Arch. Rational Mech. Anal. 65 (1977), no. 
3, 275-288. 

[5] B. Dahlberg, On the absolute continuity of elliptic measure. American Journal of Mathe- 
matics 108 (1986), 1119-1138. 

[6] B. Dahlberg, D. Jerison, C. Kenig, Area integral estimates for elliptic differential operators 
with nonsmooth coefficients. Ark. Mat. 22 (1984), no. 1, 97-108. 

[7] L. Escauriaza, The L p Dirichlet problem for small perturbations of the Laplacian. Israel J. 
Math. 94 (1996), 353-366. 

[8] R. Fefferman, A criterion for the absolute continuity of the harmonic measure associated 
with an elliptic operator. J. Amer. Math. Soc. 2 (1989), no. 1, 127-135. 

[9] R. Fefferman, C. Kenig, J. Pipher, The theory of weights and the Dirichlet problem for 
elliptic equations. Ann. of Math. (2) 134 (1991), no. 1, 65-124. 

[10] D. Gilbarg, N. Trudinger, Elliptic partial differential equations of second order. Reprint of 
the 1998 edition. Classics in Mathematics. Springer- Verlag, Berlin, 2001. xiv+517 pp. 

[11] R. Hardt, L. Simon, Boundary regularity and embedded solutions for the oriented Plateau 
problem. Ann. of Math. (2) 110 (1979), no. 3, 439-486. 

[12] D. Jerison, C. Kenig, The logarithm of the Poisson kernel of a C 1 domain has vanishing 
mean oscillation. Trans. Amer. Math. Soc. 273 (1982), no. 2, 781-794. 



31 



[13] C. Kenig, Harmonic analysis techniques for second order elliptic boundary value problems. 
CBMS Regional Conference Series in Mathematics, 83. AMS Providence, RI, 1994. xii+146 
pp. 

[14] C. Kenig, J. Pipher, The Dirichlet problem for elliptic equations with drift terms. Publ. 
Mat. 45 (2001), no. 1, 199-217. 

[15] C. Kenig, T. Toro, Harmonic measure on locally flat domains. Duke Math. J. 87 (1997), 
no. 3, 509-551. 

[16] M. Korey, Ideal Weights: Doubling and Absolute Continuity with Asymptotically Optimal 
Bounds, Ph.D Dissertation, Univ. of Chicago, (1995). 

[17] D. Sarason, Functions of vanishing mean oscillation. Tran. Amer. Math. Soc. 207 (1975), 
391-405 



32 



